It is shown that Onsager's variational principle gives us a unified framework in discussing various dynamics of soft matter such as diffusion, rheology and their coupling. The variational principle gives kinetic equations which satisfy Onsager's reciprocal relation. With many examples, it is shown that the kinetic equations are usually written as non-linear partial differential equations for state variables and can describe various non-linear and non-equilibrium phenomena in soft matter. The physics underlying the variational principle is discussed.
Introduction
Soft matter is characterized by strongly non-linear and non-equilibrium responses to external fields. For example, polymer solutions show various non-linear viscoelastic behaviors such as shear thinning, stress relaxation and Weissenberg effect etc. [1] [2] [3] Liquid crystals show dramatic change of their optical properties under weak external fields (of mechanical, electrical or magnetic nature). 4 Gels shows various spatial patterns due to the coupled effects of solvent permeation and gel deformation. 5 Various equations have been proposed to describe such phenomena. Examples are the Smoluchowskii equation in the dynamics of polymer solutions, [1] [2] [3] Leslie-Ericksen equation in the dynamics of liquid crystals. 4 and the gel-dynamics equations. 6 These equations have been, so far, proposed for each problems. In this paper, I will show that these equations are derived from a common framework, the Onsager's variational principle.
The variational principle was proposed by Onsager in his celebrated paper on the reciprocal relation in the kinetic equations for irreversible processes. 8 As Onsager stated in the paper, the variational principle is an extension of Rayleigh's least energy dissipation principle. 9 The least energy dissipation principle is known as the principle in determining the steady state in linear systems such as viscous flow in Newtonian fluid, and electric current in Ohmic devices. 10 The Onsager's variational principle which will be discussed in this paper, however, refers to a principle slightly different from this (although they are connected). It is a principle to derive the time evolution equation in irreversible processes. The equations derived from the variational principle is equivalent to Onsager's kinetic equation.
Although the variational principle, or the kinetic equations, of Onsager represents a linear relation between forces and fluxes, the derived equations are usually non-linear time evolution equations and can describe non-linear phenomena. [10] [11] [12] It will be shown that Onsager's variational principle gives us various merits, not only to simplify calculations, but also to give us new insight to understand the problem. The purpose of this paper is to explain and to demonstrate these merits. Earlier version of this work was published in [13] [14] [15] The construction of this paper is as follows. First, the least energy dissipation principle in hydrodynamics is discussed since I think that it is the earlier version of Onsager's principle and includes the essential physics underlying Onsager's theory. Second, Onsager's variational principle is discussed in a general (and somewhat abstract) form. After this, various applications of Onsager's principle are discussed. These sections will demonstrate the convenience and the usefulness of Onsager's variational principle.
Particle Motion in Viscous Fluid

Stokesian hydrodynamics
Consider particles moving in viscous fluid subject to some potential forces, for example, particles sedimenting in a gravitational field, or particles attracting each other via interparticle potential For small particle of colloidal dimension, one can assume that the velocity field v(r) of the fluid surrounding the particle obeys the Stokes equation: 16, 17 
where η is the viscosity of the surrounding fluid and p is the pressure. The Stokes equation is the limit of zero Reynolds number of Navier Stokes equation, and represents the situtation that the fluid flow is in a steady state for given boundary condition. The first equation of the Stokes equation represents the force balance for each fluid element, and the second equation represents the incompressible condition for the fluid.
In the Stokes limit, the hydrodynamic drag acting on particles is proportional to the particle velocity. This gives a variational principle which we shall refer to as the hydrodynamic variational principle. Let us consider a very simple situation, i.e., a one-dimensional motion of a spherical particle in a viscous fluid driven by some potential field U (x) (see Fig.1 ), where x stands for the position of the particle. Since the inertia effect is assumed to be negligibly small in the Stokesian hydrodynamics, the particle motion is determined by the condition that the total force acting on the particle is zero. In the present problem, two forces are acting on the particle. One is the potential force given by
and the other is the frictional force which is proportional to the particle volocityẋ
The friction coefficient ζ can be calculated by the Stokes equation, and is given by ζ = 6πηa where a is the radius of the particle. The force balance equation is then written as
This equation describes the time evolution of the particle position x(t):
Equation (4) can be cast in the form of a variational principle. If one defines a function R(ẋ) by
Equation (4) is equivalent to the condition that R be minimized with respect toẋ, i.e., ∂R/∂ẋ = 0. The function R is called Rayleighian. The Rayleighian consists of two terms. The first term
is called the energy dissipation function. When a particle moves with velocityẋ in a viscous fluid, it does a work to the fluid per unit time −F Hẋ = ζẋ 2 , which is immediately dissipated into heat. Therefore the energy dissipation function Φ(ẋ) stands for the half of the energy dissipation rate (the energy dissipated in the viscous fluid per unit time) when the particle moves with velocityẋ. (The coefficient 1/2 is put by historical reason.)
The second term in the Rayleighian represents the rate of the potential energy change when the particle moves with velocityẋ. We shall write this term asU (ẋ):U (ẋ) = ∂U ∂xẋ
Given Φ andU , the Rayleighian is written as
and the actual velocityẋ is determined by the condition ∂R/∂ẋ = 0.
Hydrodynamic reciprocal relation
The above rewriting of the force balance equation into the variational principle is trivial. However, in more complex systems, the variational principle represents a non-trivial law in Stokesian hydrodynamics. Consider a system of particles having many degrees of freedom, and let x i (i = 1, 2, ...f ) be the set of variables describing the state of the sytem. For example, the state of a rigid particle is specified by six variables, three to specify the position, and the other three to specify the orientation. For N particle systems, 6N variables are needed.
Suppose that the state of the particles changes with rateẋ i , then there will be a frictional force exerted on the particles by the surrounding fluid.
Let F Hi be the frictional force conjugate toẋ i i.e., the work done to the fluid per unit time is written as
In the Stokesian hydrodynamics, the frictional force is always written as a linear function ofẋ i :
16,17
The coefficients ζ ij are called friction coefficients, and can be calculated by solving the Stokes equation (see Appendix A). The friction coefficients ζ ij have an important property : they are symmetric, and positive definite, i.e.,
and ij ζ ijẋiẋj ≥ 0 for anyẋ i
The proof of these relations is given in Appendix A. The reciprocal relation (12) is not a trivial relation. For example, consider the motion of a rod-like particle caused by a force F applied at the center of the particle. For rod-like particle, the velocity V is in general not parallel to the force F . As it is shown in Fig.2(a) , the force F x in x direction causes a velocity component V y in y direction, and as shown in Fig.2(b) , the force F y causes a velocity component V x . The reciprocal relation (12) indicates that V y /F x is equal to V x /F y . This relation can be proven by symmetry argument for rod, but for a particle of general shape, validity of the relation V y /F x = V x /F y is not obvious. For more complex shaped particles, the reciprocal relation gives more surprising result. As it is shown in Fig.2(c) , a force F acting on a helical particle causes a rotational angular velocity ω of the particle, and as shown in Fig.2(d) , a torque T causes a tranlational velocity V . The reciprocal relation indicates the equality ω/F = V /T , which is quite non-trivial.
Hydrodynamic variational principle
Now consider that the motion of the particles is driven by a potential U (x), then the potential force conjugate to x i is given by
Fig . 2 . Hydrodynamic reciprocal relation. Suppose that a force Fx in x-direction causes the y component velocity Vy as in (a), then a force Fy in y direction causes a x component velocity given by Vx = (Vy/Fx)Fy as in (b). Suppose that a force F causes a rotation of helical particle with angular velocity ω as in (c), then a torque T causes a translational
fore the force balance equation is written as
Let (ζ −1 ) ij be the inverse of the matrix ζ ij , then Eq. (14) gives the following time evolution equation for x i :
Notice that ζ ij , (ζ −1 ) ij , and U are functions of x i . Therefore, Eq. (15) is, in general, rather complex non-linear equations for x i .
Using the reciprocal relation (12), the time evolution equation (14) can be cast into a variational principle. Let Φ andU be defined by
and the function R be defined by
then the force balance equation (14) is equivalent to the condition ∂R/∂ẋ i = 0, i.e., the velocityẋ i is determined by the condition that R be minimum with respect toẋ i . This is the general form of the hydrodynamic variational principle.
It should be noted that the rewriting of the force balance equation (14) to the variational principle is justified only when the reciprocal relation (ζ ij = ζ ji ) is satisfied.
Onsager's Variational Principle
Onsager's kinetic equation
Onsager showed that the above variational principle holds for general irreversible processes. Let x = (x 1 , x 2 , ...) be the set of variables describing the non-equilibrium state of the system, and let us assume that the evolution law of the state can be written in the form
where S(x) is the entropy of the system, and L ij are the phenomenological kinetic coefficients. Equation ( 
This reciprocal relation allows us to write the kinetic equation (19) in the form of a variational principle:the time evolution of the system is determined by minimizingR
This principle is called Onsager's variational principle. The second term in Eq. (21) stands for the reversible entropy change i.e., the entropy change caused by infinitely slow process (the qusi-equilibrium processes). On the other hand, the first term stands for the half of of irreversible entropy change caused by a process having finite speed. Onsager's variational principle has a structure very similar to hydrodynamic variational principle. In fact, if the temperature of the system is constant, themodynamic force F i conjugate to the variable x i is given by
where A is the free energy of the system. and Onsager's variational principle is written in the same form as the hydrodynamic variational principle.
The difference between Eq. (23) and (18) is that x i in Eq. (23) stands for a general coordinate specifying the non-equilibrium state, and that the potential energy U is replaced by the free energy A. The relation between the Onsager's variational principle and the hydrodynamic variational principle will be discussed in more detail in the next section.
In the following discussion, we shall assume that the temperature of the system is constant, and use Onsager's variational principle in the form of Eq.(23). The kinetic equation of Onsager is then given by
Validity of the variational principle
As we have seen, Onsager's variational principle is equilvalent to Onsager's kinetic equation with symmetric coefficient ζ ij . Therefore the validity of Onsager's variational principle entirely depends on the validity of the kinetic equation. Let us therefore spend some time to discuss the base of this equation. Usual argument to derive the kinetic equation (19) is as follows. If the system is at equilibrium, the entropy takes the maximum value and the state does not change, i.e., both ∂S(x)/∂x i and dx i /dt are equal to zero. If the system is not at equilibrium, both ∂S(x)/∂x i and dx i /dt are not equal to zero. If the deviation from the equilibrium state is small, one can assume a linear relation between ∂S(x)/∂x i and dx i /dt, which is equation (19) .
This argument presumes that the deviation of x i from the equilibrium value x i,eq is small, and that the kinetic equation (19) is a linear equation for x i − x i,eq . In fact, Onsager used this assumption to prove the reciprocal relation.
On the other hand, it is known that in many systems, the time evolution equations for the state variables are written in the form of Eq.(19) even when the equations become non-linear equations for x i − x i,eq , yet the reciprocal relation (20) are satisfied. We have seen this in the case of particle motion in viscous fluid. Other example is the usual diffusion equation for the particle concentration n(x; t)
which comes from the Fuch's law for the diffusion flux j = −D(∂n/∂x). Equation (25) is in general a non-linear partial differential equation for n since the diffusion coefficient D can be a function of n. It will be shown later (see Sec. 4), that Eq.(25) can be written in the form of the kinetic equation (19) with symmetric coefficients (ζ ij = ζ ji ).
It is now generally accepted 10-12 that Onsager's theory is valid even when the kinetic equation becomes a non-linear equation for x i . The nonlinearity comes from two sources; one is that the forces ∂S(x)/∂x i (or ∂A(x)/∂x i ) can be non-linear functions of x, and the other is that the kinetic coefficients L ij (or ζ ij ) can be a function of x.
How can we justify the reciprocal relation in the situation that the time evolution equation becomes a non-linear equation for the state variable x = (x 1 , x 2 , ...x f )? This question can be cast in a more specific question: is the hydrodynamic reciprocal relation (12) a special case of Onsager's reciprocal relation? The latter question has been discussed by hydrodynamicists 16 who raised several questions for the assertion that the hydrodynamic reciprocal relation is a special case of Onsager's reciprocal relation.
One can justify this assertion in the following way. Although the friction coefficients ζ ij depend on the particle configuration x, they are independent of the potential force which drives the particle motion. Therefore, in proving the reciprocal relation, one can generally assume that there are some hypothetical forces acting on the particles, and that the state x is close to equilibrium (under the given hypothetical forces). Therefore it is justified to use Onsager's argument. to prove the reciprocal relation for the friction coefficients. In this sense, one can regard the hydrodynamic reciprocal relation as a special case of Onsager's reciprocal relation. In general, as far as the kinetic coefficients L ij (x) is independent of the driving force ∂S/∂x i , one can justify Onsager's argument to prove the the reciprocal relation.
The underlying assumption for the kinetic equations (24) is that there is a set of slow variables x = (x 1 , x 2 , ...x f ), the relaxation time of which are dintinctively longer than those of other fast variables. The free energy A(x) can be defined only for such systems:in fact A(x) can be calculated by statistical mechanics assuming that the fast variables are in equilibrium for given values of slow variables. If the slow variables change with the rateẋ, the fast variables will not be in equilibrium, but as long as the deviation of fast variables from their equilibrium state is small, one can assume a linear relation between the rate of state change and the driving force, and can use Onsager's argument to justify the reciprocal relation. This is the reason why we can use Onsager's variational principle for the system whose time evolution equation becomes a non-linear equation for the slow variables.
Merit of the variational principle
The variational principle we have discussed is a simple rewriting of the kinetic equation for the state variables. However, formulating the evolution law in the variational principle has several advantages. In the following, these points are explained in more detail.
Reciprocal relation in the kinetic equation
First, a general reason is given for why the reciprocal relation is guranteed for the equations obtained by the variational principle. If both Φ(ẋ) andȦ(ẋ) are given explicitly as a function ofẋ = (ẋ 1 ,ẋ 2 , ...) as in Eq.(23), it is obvious that the variational principle ∂R/∂ẋ i = 0 give equations which satisfy the reciprocal relation. In many situations, however, althoughȦ(ẋ) is obtained easily, Φ(ẋ) is not easily found. It quite often happens that the energy dissipation function Φ(ẋ) can be expressed as a function of other variablesẏ which determineẋ, i.e., the dissipation function is expressed as
In Eq.(27), a ij are certain coefficients (which can be a function of x). The matrix (a ij ) needs not be a square matrix: the number of variablesẏ i can be different from the number of variablesẋ i . An example of such situation is seen in the problem of diffusion. The non-equilibrium state of the system is described by the concentration profile n(x). The free energy A is espressed easily as a functional of n(x), while the energy dissipation function Φ cannot be expressed byṅ(x): Φ is expressed as a functional of the flux j(x) which determinesṅ(x).
It is easy to prove the reciprocal relation for the kinetic equations derived from the variational principle. The Rayleighian is given by
This gives the following kinetic equatioṅ
with
which satisfies the reciprocal relation. The reciprocal relation can also be proven in the situation thatẏ i are not independent of each other, but are subject to a set of constraints
With such constraints, the Rayleighian becomes
where λ (p) (p = 1, 2, ...) are the Lagrange multipliers for the constraints. Minimization of Eq.(33) gives the following kinetic coefficients:
and (A −1 ) pq is the inverse of the matrix
It is easy to verify that L ij is a symmetric matrix.
Forces needed to controll the state variables
Certain state variables in the Rayleighian can be changed externally. For example, the particle position shown in Fig. 1 can be changed by applying a certain force on the particle. It can be shown that the force F (e) i needed to change the parameter x i with the rateẋ i is given by
For example, if one moves the particle with velocityẋ, one has to apply an extra force on the particle
which is equal to ∂R/∂ẋ. Equation (37) can be shown as follows. Suppose that the variables x i (i = 1, 2, ...f ) are the internal variables (the time evolution of which is given by ∂R/∂ẋ i = 0), and the other variables x i , (i = f + 1, f + 2, ...g) are the externally controllable variables. For such system, the force balance equations are written as
which gives Eq. (37). Examples of the situation where Eq. (37) is useful are shown in Fig. 3 . In Fig.3 (a) , a semi-permeable membrane separating the colloidal solution from pure solvent is moved with velocityL. The force F (t) needed to cause such motion is calculated by ∂R/∂L. In Fig.3 (b) , a gel placed between two plates is squeezed. The force acting at the plate can be calcuted by ∂R/∂ḣ. In Fig.3(c) , a solution of rod-like polymers is sheared with shear rateγ. The shear stress is calculated by ∂R/∂γ. Actual calculation for these quantities will be shown later. 
Brownian Motion
Diffusion equation
As a simple application of Onsager's variational principle, we first discuss the Brownian motion of an isolated particle. The Brownian motion of a particle can be described by the Langevin equation, 3 which represents the stochastic motion of the particle position x(t). The Brownian motion can also be described by the time evolution of the probability distribution function ψ(x; t) which represents the probability of finding the particle at position x. The time evolution equation for ψ(x; t) is deterministic, and can be derived by the variational principle. The essential point of this derivation is to regard ψ(x) as state variables. If we imagine an ensemble of many realization of Brownian motion, we can define the free energy of such ensemble. Alternatively, we can imagine a very dilute dispersion of particles (see Fig. 4 (a) ), and regard ψ(x) as a quantity proportional to the number density n(x) of particles i.e., ψ(x) = n(x)/N tot where N tot is the total number of particles in the system. In the following, we shall take the latter view point and derive the time evolution equation for n(x, t).
Nowṅ has to satisfy the conservation equatioṅ
where j is the flux of particles. Equation (41) represents a constraint for the time evolution of n: the constraint is that instantaneous transportation of particles from one place to other remote places cannot take place. To account for the constraint, we define the velocity v by
and determine v by the variational principle.
If the particle at x moves with velocity v(x), the energy dissipation is given by ζv(x)
2 . Thus the energy dissipation function of the system is given by
On the other hand, if the concentration profile of particles is n(x), the free energy of the system is given by
The timve derivative of A can be calculated by Eqs. (41) and (44);
where integral by parts has been used. From Eq. (43) and (45), the Rayleighian is give by
Minimizing this with respect to v, we have
Equations (41) and (47) give the following time evolution equation for n(x, t)
and the Einstein relation
Equation (48) is the diffusion equation in the potential field U (x).
Reciprocal relation in the diffusion equation
The diffusion equation (48) 
where the kernel L(x, x ′ ) is given by
The kernel L(x, x ′ ) is symmetric, i.e., for any functions n 1 (x) and n 2 (x); the following identity holds.
Thus the the diffusion equation satisfy the reciprocal relation.
Forces acting on the semi-permeable membrane
Let us now discuss the force needed to controll the position of the semipermeable membrane shown in Fig. 3(a) . Since the integral in Eq. (44) is done between 0 and L(t),Ȧ is calculated aṡ
(53) Using Eq. (42) and integral by parts, we have,
where we have used the condition that the velocity v satisfies v(L) =L.
On the other hand, the energy dissipation function is given by
The second term represents the extra energy dissipation caused by the solvent flow through the membrane (ξ m is the friction constant of the membrane.) The force F (t) acting on the semi-permeable membrane is given by ∂R/∂L, and is equal to
If the membrane is fixed (i.e.,L = 0), the force is given by the osmotic pressure of the solution near the membrane. Notice that the potential U (x) does not enter in the expression.
Rotational Brownian Motion
State variables of a rod-like particle
To demonstrate the merit of the flexibility in choosing state variables, we now discuss the rotational Brownian motion of a rod-like particle.The orientation of a rod can be specified by two angular coordinates θ and φ defined in Fig. 5 . Alternatively, the orientation can be specified by a vector u parallel to the rod axis. The x, y, z components of u is given by
where u = |u|. The rotational Brownian motion can be described by the time evolution equation for the ditribution function ψ(θ, φ; t) or ψ(u; t). We shall first derive these equations. 
Diffusion equation for ψ(θ, φ)
The distribution function ψ(θ, φ) is defined as follows. The probability of finding the angular coordinate of rod in the area dS = sin θdθdφ is given by ψ(θ, φ)dS. The normalization condition for ψ is
The conservation equation for such probability is written aṡ
Now if the rod rotates with angular velocity ω normal to the axis, the surrounding fluid exerts a frictional torque −ζ r ω on the rod, where ζ r is the rotational friction constant ‡ . The energy dissipation for this motion is ζ r ω 2 and therefore the energy dissipation function of the system (per unit volume) is given by
where n is the number density of particles in the system. Since ω 2 =θ 2 + sin 2 θφ 2 , Equation (61) is written as
On the other hand, the free energy of the system (per unit volume ) is given by
(Here, the term of external potential has been dropped for simplicity.) Using Eq. (59), the time derivative of A is calculated aṡ 
Minimization of Φ +Ȧ with respect toθ andφ gives
The time evolution equation for ψ is determined by Eqs. (59), (65) and (66):
where
Equation (67) is the rotational diffusion equation for a rod-like particle. 
Diffusion equation for ψ(u)
The rotational diffusion equation can also be written in u space, where u represents a vector parallel to the rod axis. The length u = |u| of the vector does not matter, and can be taken to be unity, but here we assume that u takes some constant value. Let ψ(u)du be the probability of finding the rod in the volume element du in u space. The conservation equation is written asψ
We shall determineu by the variational principle. Since u 2 = constant, u has to satisfy the following constrainṫ
Sinceu = ω × u and ω · u = 0, the energy dissipation function of the system can be written as
On the other hand, the time derivative of the free energy is calculated asȦ
Therefore the Rayleighian of the present system becomes
The last term in Eq. (73) stands for the constraint (70). Minimizing R with respect tou and determining λ by Eq.(70), we havė
where I is the unit tensor (I αβ = δ αβ ). The time evolution equation is now given by
Using the relation (57), one can confirm that Eq. 75) is equivalent to Eq. (67). It will be shown that Eq. (75) is more convenient than Eq. (67) for practical calculation.
Diffusion equation in flow field
The rotational Browinian motion of particles gives viscoelasticity to the solution. This has been discussed in the molecular theory of rheology.
1-3
Here the main point of the theory is discussed based on the variational principle.
Suppose that a solution of rod-like particles is placed in a velocity field
where Greek indices α, β stand for the x, y, z components, and Einstein's convention that summation is taken over repeatedly appearing indices has been used. The tensor
is called the velocity gradient tensor. The incompressible condition for the fluid velocity v(r) gives the following condition for κ αβ
Now, if the solution does not contain particles, the energy dissipation per unit volume of the solution is given by
where η is the viscosity of solvent. If the solution contains a rod rotating with speedu, there is an extra energy dissipation. The energy dissipation can be calculated again by solving the Stokes equation, and is written as a quadratic function ofu and κ. For slender rod, hydrodynamic calculation gives the following energy dissipation function
whereu f low stands for the velocity induced by the macroscopic flow (see Fig. 6 )u
On the other hand, expression forȦ is given by the same form as Eq. (72). Hence the Rayleighian is given by
This gives the following equation foru:
and the equation forψ
Equation (85) determine the orientational distribution of rod-like polymers in flow field.
Expression for the stress tensor
The macroscopic stress tensor σ αβ can be calculated by the formula (37). Since σ αβ is the force conjugate to the velocity gradient tensor κ αβ , we have
For the Rayleighian (83), Eq. (86) gives the following expression for the stress tensor
The first term can be rewritten by the use of Eq.(84):
whereû = u/|u| is the unit vector in the direction of u, and ... stands for the average for u with the distribution function ψ(u). From Eqs. (87) and (88), the stress tensor is given by
Equation (89) indicates that the stress tensor of the solution of rod-like particles has two origins. One is the kinetic origin arising from the rotational Brownian motion of particles, and the other is the hydrodynamic origin arising from the extra energy dissipation caused by the rod.
Equations (85) and (89) 
Diffusion in concentrated solutions
In Sec. 4, we have discussed the diffusion of particles in dilute solution. Now we discuss the diffusion in concentrated solutions. In dilute solutions, the motion of particles is independent of each other. In concentrated solutions, interaction between particles gives new features to the diffusion.
(a) Due to the interaction, the diffusion constant D now becomes a function of concentration. Accordingly, the diffusion equation becomes a non-linear equation for the particle concentration. (b) The diffusion of particles generally induces flow of solvent, and can cause macroscopic flow in solutions. If particle concentration is low, this effect can be negligible, but if concentration is high, the effect can be important.
We shall discuss these two issues separately. In this section we shall discuss the effect of interaction on the diffusion constant assuming that there is no macroscopic flow, i.e., we consider the diffusion of particles in a quiescent solutions (see Fig. 4(b) ).
To denote the concentration of particles, we use volume fraction φ(r; t), which is related to the number density n(r, t) by
where v c = 4πa 3 /3 is the volume of the particle. Time evolution equation for φ can be obstained in the same way as in the dilute case. Let v p be the particle velocity, then the conservation equation is written asφ
When particles move with velocity v p in a quiescent solution, the energy dissipation is given by
where ξ(φ) is the friction constant (per unit volume) for the collective motion of particles. If the solution is dilute, ξ(φ) is simply given by nζ = (φ/v c )ζ. If the solution is concentrated, ξ(φ) is not expressed by a simple function, but many studies have been done to calculate ξ(φ) theoretically. 16, 17 Also ξ(φ) can be measured experimentally by the method shown in Fig. 7 . Fig. 7 . Experimental set up to measure the friction constant ξ(φ). The particles are contained in a box made of porous walls fixed to the side wall. The solvent is transported from bottom container to top container by a pressure difference ∆P . If the fluid velocity is v, the friction constant is given by ξ = ∆P/(hv), where h is the thickness of the box. In practice, the pressure drop in the top and bottom container, and that accorss the porous walls has to be taken into account to obtain ξ(φ) accurately.
The free energy A of the system can be expressed as a functional of φ(r).
where f (φ) stands for the free energy (per unit volume) of the solution of concentration φ, and we have assumed that the effect of gravity is negligible. From Eq. (93),Ȧ can be calculated by using Eq. (91),
The minimization of R = Φ +Ȧ with respect to v p gives
The right hand side can be rewritten by using the osmotic pressure Π(φ) of the solution
as
Equations (91) and (97) give the following diffusion equation
where D(φ) is given by
This gives a diffusion constant in concentrated solution. In the case of dilute solution, Eq. (99) reduces to the Einstein relation (49). The force F (t) acting on the semi-permeable membrane can be calculated by the same way as in Sec. 4.3, and it is given by ξ mL − Π(φ(L)).
Coupling between solute diffusion and solution flow
In the previous section, it is assumed that the solution is at rest as a whole. This assumption is not always correct. When solute moves relative to solvent, it generally induces a macroscopic flow of solutions. For example, when a colloidal suspension initially placed on top of a pure solvent starts to sediment, the particles do not sediment homogeneously (see Fig. 4(c) ). Certain part starts to sediment faster than the other, and form a lane where the particles and solvent move downward, while the solvent in the other part moves upward.
In order to describe such phenomena, it is necessary to take into account of the solution velocity v(r, t) which is defined as the volume averaged velocity
where v s is the velocity of the solvent. If we assume that the solution is regarded as a Newtonian fluid with effective viscosity η(φ), the energy dissipation function is written as
The first term in Eq.(101) stands for the dissipation due to the relative motion between solute and solution, and the second term represents the dissipation caused by velocity gradient of the solution.
The free energy A of the solution is now given by
where the gravitational energy has been added to discuss the problem of sedimentation (ρ 1 = ρ p − ρ s is the density difference between the particle and solvent). The time derivative of Eq. (102) is given bẏ
Since the solution is incompressible, v has to satisfy the constraint
Therefore the Rayleighian is given by
where the last term stands for the constraint (104). The conditions δR/δv p = 0 and δR/δv = 0 give the following equations
Equations (104)- (107) and Eq. (91) give the following set of equations.
and
Again one can show that the above set of equations can be written in the form of Onsager's kinetic equation:
with symmetric kernel L(r, r ′ ). It should be emphasized that the state variable in the present problem is φ(r), and v p and v are auxiliary variables introduced to determineφ(r). In some literatures, the first term on the right hand side of Eq.(108) is called "reversible part". This terminology is misleading, since there is no reason to discriminate the velocity v from the velocity v p : both velocities are determined by the balance of the dissipative force and the potential force.
Phase separation
A special case of the above coupled equations for diffusion and flow is the equations used to describe the phase separation kinetics in solution. Suppose a homogeneous solution is brought into the state where ∂Π/∂φ is negative, then the solution starts to separate into two phases, concentrated phase and dilute phase. The kinetics of phase separation has been extensively discussed in statistical mechanics. 7 The equations used there can be obtained by a minor modification of the above equations.
In the final state of phase separation, concentrated region and dilute region coexist with each other. At the boundary between the two regions, solute concentration changes very rapidly over molecular length scale. In such a case, the total free energy cannot be written in the form of Eq.(93). There is an extra energy which corresponds to the interfacial energy between the two regions. The interfacial energy can be accounted for by the following free energy functional
where κ s is a positive constant. ThenȦ is given bẏ
The phase separation kinetics can be discussed by Eqs.(106) and (107) with f ′ (φ) being replaced by f ′ (φ) − κ s ∇ 2 φ. This gives the following set of equations
Outcomes of these equations are discussed in. 
Gel Dynamics
Gel is a homogeneous mixture of elastic material and fluid. 5 In polymeric gels, gel consists of cross-linked polymer and solvent. The cross-linked polymer forms a three dimensional network and gives an elasticity to the gel.
The deformation of polymer network is coupled with the transport of solvent. For example, when a gel is compressed, solvent bleeds out from the gel (see Fig.8 (a) ). Conversely, when a drop of solvent permeates into a gel, it deforms the gel ( Fig.8 (b) ). Equations which describe the coupled phenomena of gel deformation and solvent permeation can be derived from the variational principle.
6,14 The derivation is very similar to that for solutions. The difference is that, in solutions, the free energy is a function of polymer concentration, while in gels, the free energy is a function of the deformation of polymer network.
The state variable in a gel is the displacement field u(r, t) which represents the displacement of the point on the network located at r in a certain reference state. The free energy of the system A is now expressed as a functional of the gradient of the displacement vector, i.e.,
where e αβ is defined by
If the displacement is small, the free energy density f is given by the same form as the elastic energy of deformation is called the osmotic stress tensor. The osmotic stress tensor corresponds to the osmotic pressure in solution, and stands for the thermodynamic force acting on the solute (i.e., the polymer network in the present problem).
where v s stands for the velocity of the solvent. In Eq.(121), it is assumed that the energy dissipation in gels arises dominantly from the relative motion between solvent and polymer network; the energy dissipation associated with the velocity gradient is ignored.
In constructing the Rayleighian, one has to take into account of the fact that gel behaves as an incompressible material; i.e., the volume change of a gel can only occur by taking in (or out ) solvent from (or to )surrounding. This constraint is expressed as the incompressible condition ∇ · v = 0 for the volume average velocity v = φu + (1 − φ)v s , or
where the volume fraction of polymer network φ is assumed not to change since the deformation is small. The Rayleighian is thus constructed as
(123) The last term comes from the constraint (122). The conditions δR/δu α = 0 and δR/δv s,α = 0 give the following set of equations:
Equations (124) and (125) give
Equation (126) stands for the balance of forces acting on each volume element of the gel. Notice that the meachanical stress acting on the volume element is given by σ n αβ −pδ αβ . The term −pδ αβ represents the contribution from the solvent pressure. In fact, if one calculate the force acting at the wall for the situation shown in Fig.3 (b) using Eq.(37), one can show that the force acting on the wall is given by (σ n − pI) · n, where n is a vector normal to the wall.
On the other hand, Eq. (127) represents the permeation of solvent in gel network. Equation (127) indicates that the permeation speed is proportional to the pressure gradient. This is known as Darcy's law for porous materials.
The dynamics of gels (deformation and solvent permeation) can be described by Eqs. (122), (126) and (127). The equations may be written explicitly as partial differential equations for u and p:
Application of these equations is discussed in Ref. 6.
Liquid Crystals
Liquid crystal is a fluid which has an intermediate order between liquid and crystal. In a typical class of liquid crystals called nematics, molecular orientation is ordered as in a crystal, while molecular positions are random as in a liquid. The direction of the molecular orientation is represented by a unit vector n called director. The director can change in space and time depending on external forces (of mechanical, electrical or magnetic origin). The continuum mechanics of nematics was established by Leslie and Ericksen. 4 The Leslie-Ericksen theory describes the time variation of the fluid velocity v(r.t), and the director n(r, t). Here this theory is discussed based on the variational principle.
In the Leslie-Ericksen theory, the state variable is the director field n(r) which stands for the average direction of molecules at point r. The energy dissipation function Φ is a quadratic function ofṅ α and κ αβ = ∂v α /∂r β . The explicit form of Φ can be determined by symmetry argument. Using the fact that Φ vanishes for uniform rotation of the system, one can show that Φ is a quadratic function of strain ratė
andñ α which is defined bỹ
n α represents the deviation ofṅ from the fluid rotation. If one constructs the energy dissipation function Φ which is scalar and quadratic inǫ αβ anḋ n α with coefficients that may depend on n, one gets
On the other hand, the free energy of nematics is given by the elastic energy of directors
If we define g αβ = ∂n β ∂r α (135) the free energy A is written as
The time derivative A is written aṡ
where σ 
The last two terms arise from the constraints for κ αβ andṅ α . The time evolution of n α is determined by ∂R/∂ṅ α = 0, and the stress tensor is given by σ αβ = ∂R/∂κ αβ Straightforward calculation gives the following expression for the stress tensor σ αβ and the time evolution equation for n α σ αβ = α 1ǫµν n µ n ν n α n β + α 2 n αñβ + α 3ñα n β + α 4ǫαβ + α 5 n α n µǫµβ + α 6 n β n µǫαµ + σ 
Equations (141)-(142) are the Leslie-Ericksen's equation. 4 Notice that the Parodi's relation α 2 + α 3 = α 6 − α 5 is automatically satisfied in this derivation.
Conclusion
In this paper, I have shown that many equations used in soft matter physics can be derived from Onsager's variational principle. The variational principle is equivalent to Onsager's kinetic equation with reciprocal relations, but is has several advantages. The variational principle allows us a great flexibility in choosing state variables, and velocities. Also, the variational principle is quite convenient to deal with systems which have certain constraints, and to calculate the forces needed to change controll parameters.
Various time evolution equations used in soft matter physics, such as the diffusion equation, the flow-diffusion coupled equation, the gel dynamics equation, and the Leslie-Ericksen equations are all derived from this variational principle. Therefore one can say that Onsager's variational principle is giving a unified framework for the soft matter dynamics.
where the integral dS is done for all surfaces, and the force F Hi is defined by F Hi = dSf H (r; x) · G i (r; x) (A.5) Equation (A.5) is the definition of the frictional force conjugate toẋ i . Since the Stokes equation is a linear equation of v, and the boundary condition for v is a linear function ofẋ i , the frictional force F Hi can also be written as a linear function ofẋ i .
To prove the reciprocal relation ζ ij = ζ ji , we consider two situations, one is that the particle state changes with velocityẋ (1) i , and the other with velocityẋ (2) i . Let F The reciprocal relation follows from this identity.
Let v (a) (r) and σ (a) be the velocity field and the stress field for the two situations ((a = 1, 2) ). By Eqs. The last expression in this equation is invariant for the exchange of the superscript (1), (2) . Therefore the hydrodynamic reciprocal relation Eq. (12) has been proven. If we putẋ The right hand side of Eq. (A.12) is non-negative. Thus Eq. (13) has been proven.
